Abstract. In this paper, we calculate the behavior of the Quillen metric by orbifold immersions. We thus extend a formula of Bismut-Lebeau to the orbifold case.
Introduction
Let ξ be a Hermitian vector bundle on a compact Hermitian complex manifold X. Let λ(ξ) = i (det H i (X, ξ))
i+1 be the inverse of the determinant of the cohomology of ξ. Quillen [28] first defined a metric on λ(ξ) in the case where X is a Riemann surface. Quillen metric is the product of the L 2 metric on λ(ξ) by the Ray-Singer analytic torsion of the Dolbeault complex. The logarithm of the RaySinger analytic torsion [29] is a linear combination of derivatives at zero of the zeta function of the Hodge Laplacians acting on smooth forms of various degrees. In [10] , Bismut, Gillet, and Soulé have extended it to complex manifolds. They have established the anomaly formulas for Quillen metrics, which tell us the variation of Quillen metrics on the metrics on ξ and T X by using some Bott-Chern classes. Later, Bismut and Köhler [12] (cf. also [9] , [18] ) have extended the analytic torsion of Ray-Singer to the analytic torsion forms T for a holomorphic submersion. In particular, the equation on
T gives a refinement of the Grothendieck-RiemannRoch Theorem to the level of differential forms. They have also established the corresponding anomaly formulas.
Let i : Y → X be an immersion of compact complex manifolds. Let η be a holomorphic vector bundle on Y , and let (ξ, v) be a complex of holomorphic vector bundles which provides a resolution of i * η. Then by [23] , the line λ −1 (η) ⊗ λ(ξ) has a nonzero canonical section σ. In [13] , Bismut and Lebeau have given a formula for the Quillen norm of σ in terms of Bott-Chern currents on X and of a genus R introduced by Gillet and Soulé [18] . In [19] , the result of [13] was used by Gillet and Soulé to obtain an arithmetic Riemann-Roch Theorem in Arakelov geometry. More recently, in [24] and their later works, Köhler and Roessler proved a Lefschetz fixed point formula in Arakelov geometry, and the results on the equivariant analytic torsion (forms) in [7] , [14] play also an important role in their proof.
In this paper, we extend some results on analytic torsions to the orbifold case. Historically, orbifold first appeared as V -manifolds in Satake's extension [30] of the Gauss-Bonnet-Chern Theorem in 1957 and in Kawasaki's extension [21] of the Riemann-Roch Theorem in 1978. It turns out that orbifolds appear naturally in mathematics and physics; for example, the symplectic reduction, the problems on moduli spaces, and the orbifold string theory. In recent years, orbifolds became a popular subject. We can find many interesting results and various aspects on orbifolds in the recent work [1] . The Kawasaki-Riemann-Roch Theorem has also found many applications, thus it is a natural pursuit to understand "secondary" spectral invariants such as analytic torsions and η-invariants on orbifolds.
We will use the heat kernel methods to solve our problem. Thanks to finite propagation speed of solutions of hyperbolic equations, we can localize the problem. Since, locally, we have to meet G-manifolds, to generalize the results to the orbifold case, we must well understand the situations of G-equivariant complex manifold cases which were done in [6] and [27] . After localized, we can apply the techniques of [6] and [27] to our case. We also hope our results have corresponding versions in Arakelov geometry. In this direction, we establish the analytic part of "arithmetic Kawasaki-Riemann-Roch Theorem". Now we explain our results in more detail. Let ξ be a holomorphic orbifold vector bundle on a complex orbifold X. Let ΣX be the strata of X which has a natural orbifold structure. Let m i be the multiplicity of connected component X i of X ∪ ΣX (cf. (1.2) ).
In all the following formulas, we must consider the differential forms on X ∪ ΣX, not on X. For example, Td Σ (T X, g T X ) is the Chern-Weil Todd form on X ∪ ΣX associated to the holomorphic Hermitian connection on (T X, g T X ), which appears in Kawasaki's formulas [21] . Other Chern-Weil forms will be denoted in a similar way. In particular, the forms ch Σ (ξ, h ξ ) on X ∪ ΣX are the Chern character forms of the maximum proper orbifold sub-bundle of (ξ, h ξ ) (cf. Section 1.2). At first, we establish the anomaly formula for Quillen metrics on λ(ξ). Let g T X , h ξ be another couple of metrics on T X, ξ. Let || || λ(ξ) (resp. || || λ(ξ) ) be the Quillen metric on λ(ξ) associated to g T X , h ξ (resp. g T X , h ξ ). In Section on T Y is induced by the metric g T X . Let N be the normal orbifold bundle to Y in X, and let g N be the metric induced by g T X on N . We assume in addition that assumption (A) in Bismut [ 
Finally, let R(θ, x) be the power series introduced by [5] . We identify R Σ with the corresponding additive genus as in (5.8) .
Let m i,X be the multiplicity of connected components X i of X ∪ ΣX. 
Needless to say, Theorems 0.1, 0.2 are direct consequences of [6, Theorems 2.5, 0.1] for quotients of manifolds by finite group actions. More precisely, let G be a finite group and let ξ be a holomorphic vector bundle on a compact complex manifold X. If G acts holomorphically on X and its action lifts on ξ, then ξ = ξ/G is an orbifold vector bundle on X = X/G. Let G 1 = Ker{G → Diffeo( X)}. Then the group G/G 1 acts effectively on X and the G 1 -invariant part of ξ forms a vector bundle
Now by [6, Theorem 2.5] and (0.6), we get Theorem 0.1 when X = X/G, and explain that only the maximum proper sub-bundle of ξ plays a role in our formulas (0.1), (0.5).
This paper is organized as follows. In Section 1, we recall some general facts on orbifolds. In Section 2, we construct the Quillen metrics for an orbifold, and prove their anomaly formulas. The last four sections are concerned with the extension of the result of [13] to an orbifold case. In Section 3, we describe the geometric setting of the immersion problem. Also, we extend a result of [13, Theorem 2.1] . In Section 4, by using [11] , we construct the Bott-Chern current T Σ (ξ, h ξ ). In Section 5, by using the results of [5] , we establish the corresponding results on the analytic torsion forms associated to a short exact sequence of holomorphic Hermitian orbifold vector bundles. In Section 6, we extend the result of [13] to an orbifold case, i.e. we prove Theorem 0.2.
In the entire paper we use the superconnection formalism as in [5] , [8] . In particular, Tr s is our notation of the supertrace.
Orbifolds and characteristic classes
This section is organized as follows. In Section 1.1, we recall the definition of an orbifold [20] . In Section 1.2, we explain some characteristic classes on orbifolds. ([20] ). We define a category M s as follows: The objects of M s are the class of pairs (G, M ) where M is a connected smooth manifold and G is a finite group acting effectively on M . Let (G, M ) and (G , M ) be two objects, then a morphism Φ :
Definition of an orbifold
Definition 1.1. Let X be a paracompact Hausdorff space and let U be a covering of X consisting of connected open subsets. We assume U satisfies the condition:
Then an orbifold structure V on X is the following:
If U is a refinement of U satisfying (1.1), then there is an orbifold structure V such that V ∪ V is an orbifold structure. We consider V and V to be equivalent. Such an equivalence class is called an orbifold structure over X. So we may choose U arbitrarily fine.
In the above definition, we can replace M s by a category of manifolds with an additional structure such as orientation, Riemannian metric or complex structure. We understand that the morphisms (and the groups) preserve the specified structure. So we can define oriented, Riemannian or complex orbifolds. Remark 1.2. Let P be a smooth manifold, and let H be a compact Lie group acting on P . We assume that the action of H is locally free. Then the quotient space P/H is an orbifold. Reciprocally, any orbifold X can be presented by this way, with H = O(n)(n = dim X) [20, p. 76] , [22, p. 144] .
Let (X, V) be an orbifold. For each x ∈ X, we can choose a small neighborhood
x the fixed points of h j x over U x . Then we have a natural bijection
So we can globally define
Then ΣX has a natural orbifold structure defined by
Since the multiplicity is locally constant on ΣX, we may assign the multiplicity m i to each connected component X i of X ∪ ΣX. Definition 1.3. An orbifold vector bundle ξ over an orbifold (X, V) is defined as follows: ξ is an orbifold and for Example. The (proper) orbifold tangent bundle T X on an orbifold X is defined
Let ξ → X be an orbifold bundle. A section s :
If X is oriented, we define the integral X ω for a form ω over X (i.e. a section of Λ( 
We will call Y a sub-orbifold of X, and the normal (orbifold) 
Definition 1.9. Let P X be the vector space of smooth forms on a complex orbifold X, which are sums of forms of type (p, p). Let P X,0 be the vector space of the forms α ∈ P X such that there exist smooth forms β, γ on X for which α = ∂β + ∂γ. 
Here 
If ξ is proper, we also define Td
X∪ΣX are closed on X ∪ ΣX and their cohomology classes do not depend on h ξ , and we denote their cohomology classes
Let h ξ be another couple of metrics on ξ. Observe that the construction in [8, Remark 1.28, Theorem 1.29] is local and universal, thus we can at first work on each U h , then glue together to get the unique classes Td
Let ξ i (0 ≤ i ≤ m) be complex orbifold vector bundles. We assume there is a covering U satisfying (1.1), such that for 
Then glue together to get a Bott-Chern form ch
Quillen metrics and their anomaly formulas
In this section, we construct the Quillen metrics on the inverse of the determinant of the cohomology of a holomorphic orbifold vector bundle, and establish corresponding anomaly formulas. We extend some results of [10] to complex orbifolds.
This section is organized as follows. In Section 2.1, we indicate some properties of elliptic operators over an orbifold. In Section 2.2, by [10] , we construct the Quillen metrics. In Section 2.3, we prove our anomaly formulas.
In this section, we use the notation of Section 1.1.
2.1.
Elliptic operator over an orbifold. Let (X, V) be a compact oriented Riemannian orbifold of real dimension n. For x, y ∈ X, put
We denote by d(·, ·) the distance on U with respect to g T X . Let dv X be the Riemannian volume element on X with respect to the metric g T X . Let pr 1 and pr 2 be the projections from X ×X onto the first and second factor X, respectively. We denote by
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We call K the kernel of the operator T and we call T a smoothing operator if
of order m such that: For any smooth partition of unity {ϕ U } subordinate to U and a family {ψ U } of smooth functions satisfying
For an elliptic pseudo-differential operator, we can construct a parametrix [20, p. 82] . If D is also positive and ξ = η, we can construct
with respect to dv X as in [25, §3.6 ]. Before we state the asymptotic expansion of the heat kernel as
is the kernel of the operator
be the kernel of the heat operator e −tH with respect to dv X . Then for each U ∈ U, there exists a smooth section
Proof. By proceeding as in [2, §2.4, §2.5] or proceeding as in [31, II §7.13] , and using (2.2), we have Proposition 2.1.
Quillen metrics.
Let X be a compact complex orbifold of complex dimension l. Let ξ be a holomorphic orbifold vector bundle on X.
Let O X be the sheaf over X of local G U -invariant holomorphic functions over U, for U ∈ U. Then by [15] , (X, O X ) is an analytic space. The local G ξ U -invariant holomorphic sections of ξ → U also define a coherent analytic sheaf O X (ξ) over X and as in (1.6),
The sheaves D p (ξ) are fine [21] , so their higher cohomology groups vanish. Thus
In what follows, we also denote
Let ∂ X * be the formal adjoint of ∂ X with respect to the Hermitian product (2.8) 
Proposition 2.2 (The Hodge Decomposition Theorem). There is an L 2 -orthogonal direct sum decomposition of the ξ-value (0, p)-forms
Let h H(X,ξ) be the corresponding metric on H(X, ξ) induced by the restriction of the L 2 -metric (2.8) to K(X, ξ) via the canonical isomorphism (2.12).
Let λ(ξ) be the inverse of the determinant of the cohomology of ξ on X,
Let P be the orthogonal projection operator from Ω • (X, ξ) on K(X, ξ) with respect to the Hermitian product (2.8). Set P ⊥ = 1 − P . Let N be the number operator defining the Z-grading of Ω
• (X, ξ), i.e. N acts by multiplication by k on
From (2.3), (2.14), θ ξ (s) extends to a meromorphic function of s ∈ C which is holomorphic at s = 0.
Following [28] , [10] , we now define the Quillen metric on the line λ(ξ).
Definition 2.3. Let || || λ(ξ) be the Quillen metric on the line λ(ξ),
|| || λ(ξ) = | | λ(ξ) exp − 1 2 ∂θ ξ ∂s (0) . (2.15)
Anomaly formulas for Quillen metrics. Let g
T X , h ξ be another couple of metrics on T X, ξ. We denote with a ' the objects attached to g is Kähler and also (g 
da da ∈ C be the coefficient of da da in the expansion of α. Proceeding formally as in [10, Theorem 1.20] , when t → 0, we get
For α > 0, we denote B( x, α) ⊂ U x as the ball with the center x and radius α. For α small enough, there exist
) is a covering of X. Let ρ xi be a partition of unity subordinate to this covering. Now, near x i ∈ X, we replace X by C l /G xi , with 0 ∈ T xi X representing x i , and the extended fibrations over C l coincide with given fibration on B(0, α/2).
Let dv Tx i X (y) be the Riemannian volume form on (T R,xi X, h TR,
2), and using finite propagation speed as in [7, §11b) ] (cf. (6.34)), we get 
By using Section 1.2, we finish the proof of Theorem 0.1. Assume now that g
Kähler, we may use the local index technique as above, and find that we have the analogue of [6, (2.41), (2.42)], so we get (0.1).
Let ω X be the Kähler form on X associated to g T X as in Definition 1.5. Set 
Complex orbifold immersion, orbifold resolution and Quillen metrics
In this section, we introduce our basic setting. This section extends [13, §1] to the orbifold case.
This section is organized as follows. In Section 3.1, we introduce our basic geometric setting. In Section 3.2, we construct a Quillen metric on an intermediate object λ(ξ). In Section 3.3, we state an extension of [13, Theorem 2.1]. In Section 3.4, we make various assumptions on the metrics on T X, ξ, T Y, η. [23] . Let F (·) = Γ(X, ·) be the global section functor over O Xsheaves on X. From [17, pp. 146-147], we can construct two derived spectral functors of F on the category of complexes of O X -sheaves on X.
Now, we recall the construction of the canonical nonzero section of the line
be the i th cohomology group of (K, v). Let H(X, K) be the hypercohomology of K. The two spectral sequence functors E r (K) and E r (K) (r ≥ 2) associated to K abuts to H(X, K) (associated to filtration of H(X, K)), and 
Definition 3.2 ([16, Chap. XVII]). An (injective) resolution of a complex
Let L = (L p,q ) be an injective resolution of K. Then the first (resp. second) spectral sequence of the double complex F (L) calculates the spectral sequence E r (K) (resp. E r (K)) (r ≥ 2). By [17, p. 147] , to calculate the spectral sequence
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In this case.
So E r (ξ) degenerates for r = 2, and E 2 (ξ) is isomorphic to the hypercohomology of (O X (ξ), v). By (3.8), we have
Thus we extend a result of [13, Theorem 1.7 ] to the orbifold case.
Theorem 3.4. The map r : (E, ∂
X + v) → (F, ∂ Y ) is a quasi-isomorphism of
Z-graded complexes. It induces the canonical identification H(X, ξ) H(Y, η).
Let ρ, τ be the canonical nonzero sections of the lines λ −1 (η) ⊗ λ(ξ), λ −1 (ξ) ⊗ λ(ξ) associated with the canonical isomorphism (3.6). Then the canonical nonzero section σ of the line λ
A Quillen metric on λ(ξ). Let g T X , h ξ = h ξi be smooth Hermitian metrics on T X, ξ = ξ i . Let g T Y , h η be metrics on T Y, η. By Section 2.2, these metrics induce Quillen metrics || || λ(ξi) , || || λ(η) on λ(ξ i ), λ(η).
Let v * be the adjoint of v with respect to h ξ . Let ∂ X * be the formal adjoint of ∂ X with respect to the Hermitian product on E (2.8). Set
By Hodge theory, we have a canonical identification of Z-graded vector spaces
By (2.3), θ X ξ (s) extends to a meromorphic function of s ∈ C, which is holomorphic near s = 0. Set
Tautologically, by (3.10), we get
By Theorem 0.1, to get a formula for (3.14) for arbitrary metrics
, it is enough to calculate (3.14) for one choice of metrics. 
Assumption on the metrics on T X, T Y, ξ, η. Our first basic assumption is that the metric g
T X is Kähler. Also we assume that g T Y is the metric induced by
. Let N be the normal bundle to Y in X.
In the following, we assume that the metrics h ξ0 , · · · , h ξm verify assumption (A) of [3, §1b) ], with respect to g N , h η . We describe this assumption in more detail. On Y , we have the exact sequence of holomorphic orbifold vector bundles 
By finite dimensional Hodge theory, we know that for V ∈ V, V ⊂ X, there is a canonical isomorphism of Z-graded vector spaces over V 
A singular Bott-Chern current
In this section, we construct Bott-Chern currents associated to the Hermitian chain complex ((ξ, v), h ξ ). We extend [11] to the orbifold setting. In this section, we use the same assumption and the same notation as in Section 3.4.
Let
also defines an orbifold structure. We denote it by Y . Then Y ∪Y is a sub-orbifold of X ∪ ΣX. Set
We define the forms ch
[6, Definition 6.6]). Then by [6, Theorem 6.7] 
The analytic torsion forms of a short exact orbifold bundle
In this section, using the construction in [5] of analytic torsion forms, we extend the construction of [4] to an orbifold situation.
This section is organized as follows. In Section 5.1, we extend the analytic torsion forms in [5, §6] to orbifolds. In Section 5.2, using the result of [5] , we evaluate these forms in terms of Bott-Chern classes.
5.1.
Generalized analytic torsion forms. Let (B, U) be a compact complex orbifold. Let
be a short exact sequence of holomorphic orbifold vector bundles on B (cf. Definition 1.10). Let
In the sequence, we will work on U , and we will omit the subscript U .
Let dv M , dv N be the Riemannian volume forms on the fibers M R , N R . The smooth kernels on the fibers of M R will be calculated with respect to Tautologically for each g ∈ G E U , g is an isometric of M on U g , which is parallel
Then E splits holomorphically as an orthogonal sum of complexes
Also Q y u (z, z ) acts on the same bundle (it acts trivially on Λ( L 0,⊥,g, * )). Therefore
Let B be the orbifold defined by:
3)
The objects constructed in (5.3) are smooth forms on B ∪ B . Now we reproduce the construction given in [5, §6] of analytic torsion forms.
By [6, Theorem 7.6], one verifies that s → A(s) extends to a function which is holomorphic near s = 0. Set
As in Section 1.2, we define the form Td Σ , ch Σ on B ∪ B . By proceeding as in [5, Theorem 6 .3], we have
Evaluation of the generalized analytic torsion forms. Recall that the Hirzebruch polynomial A(x) is given by
Let D(θ, x) (θ ∈ R, and x ∈ C) be the function defined in [5, Definition 6.5]. For θ ∈ R, we identify D(θ, x) with the corresponding additive genus. Let
As above, we denote by R Σ the corresponding additive genus.
Let Td
Now the computation in [5, Theorem 6.8] is local and universal, thus we can work on each U and we get the following extension of [5, Theorem 6.8].
Theorem 5.5. The following identity holds in
P B∪B /P B∪B ,0 : (5.10) B(L, M, h M ) = −(Td Σ ) −1 (N, h N ) Td Σ (L, M, h M ) + Td Σ (L, h L )D Σ (N, h N ).
Immersions and Quillen metrics
In this section, we prove Theorem 0.2 which calculates the Quillen norm of the canonical section σ of λ This section is organized as follows. In Section 6.1, we introduce a closed 1-form. In Section 6.2, we state seven intermediate results which we need for the proof of Theorem 0.2, whose proofs are delayed to Sections 6.4-6.8. In Section 6.3, we prove Theorem 0.2. In Section 6.4, we prove Theorems 6.3, 6.4. In Section 6.5, we prove Theorem 6.8. In Section 6.6, we prove Theorem 6.5. In Section 6.7, we prove Theorem 6.6. In Section 6.8, we prove Theorem 6.7.
In this section, we use the same assumption as in Section 3. We use also the notation of Sections 1, 3-5. 
By proceeding as in [13, Theorem 3.5], we have Theorem 6.1. Let β u,T be the 1-form on R * 
Let Y be the sub-orbifold of ΣX constructed in Section 4. Let m i,X be the multiplicity of the connected component
Recall that ω X , ω Y are the Kähler forms of X, Y . Since these forms are closed, they can be paired with characteristic classes of vector bundles on ΣX, ΣY , respectively.
Let m l,Y j be the multiplicity of the connected component
In what follows, we will often use the notation
We now state seven intermediate results contained in Theorems 6.2 -6.8.
Proof. We get the second identity from (2.25). The proof of the first identity follows the same line. 
(6.7)
Theorem 6.4. There exist c > 0, C > 0 such that for u ≥ 1, T ≥ 1,
Here P T is the orthogonal projection form E on Ker(D X + T V ) with respect to the Hermitian product on E induced by g T X , h ξ (cf. (2.8) ).
There exists
In the following, we use the notation of Section 5 applied to the exact sequence of 
Theorem 6.8. As T → +∞,
6.3. Proof of Theorem 0.2. At a formal level, Theorems 6.2-6.8 can be obtained from [13, , [6, ]. This permits us to transfer the discussion in [13, §6] to our situation. Using Theorem 3.5, as in [13, §6] , we get Theorem 0.2.
Remark 6.9. By (4.1) and (4.4), (6.14)
Thus we have a similar formula as in [13, (6.1')].
6.4. Proof of Theorems 6.3 and 6.4. In this part, we give a proof of Theorems 6.3 and 6.4. This proof relies essentially on the results of [13, §8 and §9] , where the corresponding results were established when X, Y are manifolds. We will use the same notation as in [13, §8 and §9] . For y ∈ Y , let θ y denote the Kähler form of the fiber N R,y ; then
As in [13, (7. 14)], we find that ϕ is norm preserving. Let q be the orthogonal projection from (Λ(T * (0,1) X) ⊗ξ)| Y on the image of ϕ.
By Definition 1.6, over every local coordinate system (
So if (y, Z) ∈ N R and |Z| is very small, the map (y, Z) ∈ N R → exp X y (Z) ∈ X is well defined. For 0 < ε < +∞, set B ε = {Z ∈ N R ; |Z| < ε}. Since X and Y are compact, there exists ε 0 > 0 such that for 0 < ε < ε 0 , the map (y, Z) ∈ N R → exp X y (Z) ∈ X is a diffeomorphism from B ε on a tubular neighborhood U ε of Y in X. From now on, we will identify B ε with U ε . Also we will use the notation x = (y, Z) instead of exp For y ∈ Y , we denote y ∈ V corresponding to y ∈ V ⊂ Y . Let µ(y) be the smallest nonzero eigenvalue of the self-adjoint nonnegative operator V 2 ( y). Since KerV is a smooth vector bundle on Y , the function y ∈ Y → µ(y) ∈ R * + is continuous. Since Y is compact, the function µ has a positive lower bound 2b on Y . We may and will assume that ε 0 > 0 is small enough so that if
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denotes the direct sum of the eigenspaces of the restriction of V 2 ( x) to ξ k, x corresponding to eigenvalues which are smaller (resp. larger) than b. Then ξ [13, §8g) ], and this identification preserves the metrics and the Z-gradings associated to the operators N X V and N H . Let E ± , E be the set of smooth sections of
Here the integral N R,y = 1 mX,Y N R, y is considered in the sense of the integral on orbifolds.
We now take ε ∈]0, ε 0 /2]. In the following the constants in our estimates will depend on ε. Let γ be a smooth function on R with values in [0, 1] 
Proof. The proof is elementary and is left to the reader.
Thus we have extended all constructions of [13, §8,9] in our case. By proceeding as in [13, §8,9] , we get Theorems 6.3, 6.4. As in Section 6.4, we identify B j,ε0/2 = {Z ∈ N R,j ; |Z| < ε 0 /2} with a tubular
Let Q be the orthogonal projection operator from 
To prove (6.27), we will treat in the local card (G V , V ) → V ⊂ X. We easily verify that on V , the construction of s m (λ, T ) in [13, (10.9 )-(10.15)] is G V -equivariant. Thus we have constructed s m (λ, T ) in our case.
By proceeding as in [13, §10] , we have Theorem 6.8. Since T only plays the role of a parameter, one obtains the existence of C > 0 such that the first inequality in (6.28) holds. By [13, (11.13) ] and the technique of Section 2, one finds that the second inequality in (6.28) follows.
In the following, α is a positive constant and the precise value of α should be determinate as in [13, §13e) ]. Let f be a smooth even function defined on R with values in [0, 1], such that f (a) = 1 for |a| ≤ α/2, and f (a) = 0 for |a| ≥ α. Set g(t) = 1 − f (t). 
(6.33) Now in our case, [7, Theorems 9.14, 9.17] still holds. Then by proceeding as in the proof of [13, (9. 114)], we get (6.32).
From the proof of the finite propagation speed of solutions of hyperbolic equations on smooth manifolds [31, I §2.8], we know the proof can be extended to orbifolds. Thus the wave operator exp(it √ 2|uD X + uT V |) is well defined on X. Now by (6.30), (6.34) F u (uD X + uT V ) =
Let F u (uD X + uT V )(x, x )(x, x ∈ X) be the smooth kernel of F u (uD X + uT V ) with respect to dv X (x )/(2π) dim X . Then (6.35)
Using (6.34), we see that if x ∈ X, F u (uD X +uT V )(x, x ) vanishes for d X (x, x ) > α and only depends on the restriction of D X + T V to B X (x, α). By Theorem 6.14, we find that the proof of Theorem 6.5 has been reduced to a local problem on X.
Let (G xi , V xi ) i∈I (here V x is a neighborhood of 0 ∈ C m and G x acts linearly on C m ) be a covering of X such that (G xi , 1 2 V xi ) i∈I is also a covering of X. Let ρ i be a partition of unity subordinate to (G xi , We replace X by T X/G xi = C n /G xi (n = dim X), such that 0 ∈ (T X) xi representing x i , and that the extended fibration over C n coincides with the given fibration over B(0, ε) ⊂ C n . Let
be the smooth kernel of F u (uD X + uT V ) with respect to dv T Vx i ( x )/(2π) dim X . By By [6, Theorem 11.7] , Section 4, (6.35), (6.37), we get Theorem 6.5.
6.7. Proof of Theorem 6.6. By (6.31), (6.32), we know that to establish Theorem 6.6, we just need to show that as u → 0,
By the argument in Section 6.5, the proof of Theorem 6.6 has been reduced to a local problem on X, and we replace X by T X/G xi = C n /G xi as in Section 6.6. By (6.37), for x ∈ B(x i , ε 2 ), we get (6.39)
By [6, Theorem 12.3] , (4.4), (6.35), (6.39), we get (6.11).
6.8. Proof of Theorem 6.7. We use the notation of Section 6.5. 
Proof. In view of Theorem 6.7 and (6.31), we see that to prove Theorem 6.7, we only need to show there exist C > 0, δ ∈]0, 1] such that for u ∈]0, 1], T ≥ 1,
As in Section 6.5, we replace X by T X/G xi = C n /G xi (n = dim X). By [6, Theorem 13.6, Remark 13.7], (6.35) and (6.39), we have (6.43).
By (6.41), (6.43), we get Theorem 6.7.
